
2011,31A(1):1–17 http://actams.wipm.ac.cn

�W�oAF℄lY{D:L7A>�x ∗��� ��
(����Æ���� �� 200240)�}�~!�℄��`�uF�`|{d���Qn4-R6%�n Rankine-Hugoniot ÆK:3ÆKP>$	s�x��r{d���Qn4-E(n�YR8��$	�t/����G.�N>(n�Y!.�ÆZ�Y�P'Ve�r>s6Hn4-R`�8��$	WRB��`H��>/	�Æ>$	R`�a~W�P'v �� Picard XGt Newton XGb>s6H$		�a~WM����`,��?t^H��PM>a~WM�Rq	H�>84<�w{dT�Qn4-R`�6%�HO=�`�{d���Qn4-	6%	B�H�

MR(2000) 	jEV�78A40; 35L67; 74G20 �nEVJ�O29 qu6d^�Aq�5J�1003-3998(2011)01-1-17

1 �|~��-�Sza�
Q{\o#�\Qj9�z.D�Tj9L�
\�P�z�
�PQil#���w&�Q�
'~1=�=%CCB��&Q$�	\�r5GC 6�0BC���CySS�~=��u^o�RQil�='~�Q5�YR�}_\tFA (��A10I�jTICB+Q)u). Ud'~��P�z1=Q3��za�
'~� ([1��\���^S) G��+Q�z0lSor/�\Q�z�
�P~pPUd��(b=��oLe�ko#�lQil�az�
�PQ'~L+sy�+2QUd~�0�al�4�^aMO_+��\Q2� [14−15]. z�
�PyP~�QUdaqft~V+DQG��e>�Qy��mio�\Q*n0l�~z�
�P��J(��G�S<KQj9��
Q%^��^�1��zD^�z1Srmii��u%�\�u%�1�u%Q5xm3,�"e$"v{m3Q4!,y'w�aqz�
�PQUd�&��yP~��,o�ilQ�Vm�℄o#�\Q�r�X<�2008-08-30; I[X<�2009-12-06
E-mail: suxian2000@sina.com; syepmathjp@yahoo.com.cn

∗ 2[;-��A)QqR2[ (10531020)  �A�"2[ (10676020) %�



2 y P ' ~ P Æ Vol.31A℄� I(x, t, ν, Ω) � t kt� x ;�8�� ν, Ym< Ω <#Qz.D^%^�y��m 2 [14–15] Æ�S2Qz�
�Pm3,r�n�-wEm


















































1

c

∂I(ν, Ω)

∂t
+ Ω1

∂I(ν, Ω)

∂x
= S(ν) − σa(ν)I(ν, Ω)

+

∫ ∞

0

dν′

∫

S2

( ν

ν′
σs(ν

′ → ν, Ω′ · Ω)I(ν′, Ω′) − σs(ν → ν′, Ω · Ω′)I(ν, Ω)
)

dΩ′,

ρt + (ρu)x = 0,

(

ρu +
1

c2
Fr

)

t
+ (ρu2 + P + Pr)x = 0.

(1.1)

=� c ���� S(ν) ozy-hQzD^� σa(ν) = σa(x, t, ν, ρ) �Z�Qz.D^�*pQ+y� σs(ν
′ → ν, Ω′ · Ω) �m8�� ν′, <#P^� Ω′ Q�&�`�8�� ν,P^� Ω Q�&Q`+y� ρ(t, x) �%^� u ��^.� P = P (ρ) �SD�m-w�nQ Fr s Pr u��z��yszSD��



















Fr =

∫ ∞

0

dν

∫

S2

Ω1I(ν, Ω)dΩ,

Pr =
1

c

∫ ∞

0

dν

∫

S2

Ω2
1I(ν, Ω)dΩ.

(1.2)a_�25GzLu%�m3,E`V~�aojuw}QUd2� [2,10−13,17]. Iaz�
�Pm3, (1.1)–(1.2), mq=||G�7�QyPU��Qb�`y��B)�O�~ 2 [19] �OLz�
�Pr5GzLm3�"e$"m34!,o)#��*VQg)A~G�C7�#�V~o3kEQ�:1=� Rohde �k"
~ 2 [16] �a_{G+QDrg):Qr5G9$m3�zv{m34!,�L�2VQA~G��Qr7a�?i73�~az�
�P_YQGH+Ce-� Kawashima SU~ 2 [6–7] �l_�r5GzLm3��xm3Q4!,y'w_�Qz�
Q{\� Ito~ 2 [4] ��9�iooX�,Q^VQA~G� Kawashima SU~ 2 [8–9] �L�=_�r5G$Q"YG�~ 2 [1] ��Anile, Blokhin � Trakhinin Ud_{z�
m3,���a=m3,Qa1+OL= Cauchy #�g)�*VQA~G�daio�\il�Qz�
�Pm3,E`VQ~�Ud���o$Q?GQ<#��RSS�\,#Ng��bo�\a=_F~�Ud�� -&o�[
6Q�~Uf��.m Rankine-Hugoniot J� Lax 2JO9=#�r�w��qz�
�Pm3,D'm�XQ7��#���l��F-�M='m�X -�Y�X�O&Ud�q=r5Gm3,Q_�7��#�VQA~�_G��=~U_��.��=#�Q_�`}V�O&��u�am3{l Picard WFsa�XJ{l Newton WFya=r5G#���`}VL����_+��>s℄G~�OL=`}VL�Qp�G�_dOLzS�Pm3,5$Qg)A~G�
2 skBh<Na
~RI
2.1 ri�g;�l (1.2) m�%$rbM (1.1) mA2

Ut + A(U) · Ux = B(U). (2.1)



No.1 �_xS�_{_�Qz�
�Pm3,5$QA~G 3.� m = ρu, o
U =









I

ρ

m









, A(U) =











c 0 0

0 0 1

0 a2 −
m2

ρ2

2m

ρ











, B(U) =









f

0

g









. (2.2)=� a =
√

P ′(ρ) �g���
F (U) =

(

cI, m,
m2

ρ
+ P

)T

, (2.3)� (1.1) mrb�n�-&9$m3,QEm
Ut + F (U)x = B(U). (2.4)%$Mn�m3, (2.4) D-wu7�*7�J

U(0, x) =

{

U+,0(x), x > 0,

U−,0(x), x < 0
(2.5)Q}"#�Q5$V�~Ce (2.4) m7iQ??+m3,D-wu'/y7�k

U0(0, x) =

{

U+,0(0), x > 0,

U−,0(0), x < 0,=V�5$k�%$M�\��#� (2.4)–(2.5) QE`V — 5$Qg)A~G�GH>�O� A(U) Q����
λ1 = u − a, λ2 = u + a, λ3 = c.mq c �n����b%$&pe λ1 < λ2 < λ3. =aiQ.��<��

l1 = (0,−(u + a), 1), l2 = (0, a − u, 1), l3 = (1, 0, 0).daiQp��<��
r1 =

(

0,−
1

2a
,
a − u

2a

)T

, r2 =

(

0,−
1

2a
,−

u + a

2a

)T

, r3 = (1, 0, 0)
T
..p��<�!+

li · rj = δij =

{

1, i = j,

0, i 6= j.Ce-wJ (A1) � (A2) 2��
(A1) -w}"#�











∂tU0 + ∂xF (U0) = 0,

U0(0, x) =

{

U+,0(0+), x > 0,

U−,0(0−), x < 0

(2.6)
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U0(t, x) =

{

U+
0 , x > σt,

U−

0 , x < σt.
(2.7)

U±

0 ~ {x = σt} a!+-w Rankine-Hugoniot J
(U+

0 − U−
0 )σ = F (U+

0 ) − F (U−
0 ).e (σ, U+

0 (0, 0), U−
0 (0, 0)) �U_{5$�!+-w Lax 2J







σ < λ1(U
−
0 ) < λ2(U

−
0 ) < λ3,

λ1(U
+
0 ) < σ < λ2(U

+
0 ) < λ3.

(A2) aw5$!+"YGJ
[U0(0)] = U+,0(0) − U−,0(0), r2(U+,0(0)), r3(U+,0(0))�5G&��� [ Lax ~ 2 [10] ���9�J5$�Q^k�aw"YGJ (A2) '\!+�o)#� (2.4)–(2.5) rbA2[-h
Em











Ut + A(U) · Ux = B(U),

U(0, x) =

{

U+,0(x), x > 0,

U−,0(x), x < 0.

(2.8)mq%$M��#� (2.8) Qg)V�mzLm3Qo3<#�^�%$r&pe |x| ≥ Rk� U±,0(x) �/y�� ω ⊂ {t = 0} ovVQ_�u� ℵ o ω aqa& Cauchy #� (2.8)Q,�jYKu�� M��u7 C1 Q^V!+










U(t, x) =

{

U+(t, x), x > x(t),

U−(t, x), x < x(t),

x(0) = 0.

(2.9)^V U ~ ℵ± = {±(x−x(t)) > 0} a!+m3 (2.8), ~ {x = x(t)} a!+ Rankine-HugoniotJ (U+ − U−)x′(t) = F (U+) − F (U−), !E!+ 1 - 5$2J






x′(t) < λ1(U−(t, x(t))) < λ2(U−(t, x(t))) < λ3,

λ1(U+(t, x(t))) < x′(t) < λ2(U+(t, x(t))) < λ3.

2.2 ri�K#� (2.8) Q (U+, U−, x(t)) �Æ��b%$\��Qo�qz�
�Pm3,D'm�XQ7��#��VQA~G�f� x′(t) < λ−

1 < λ−

2 < λ3, �b ℵ− = {x < x(t)} �#� (2.8) �q {x < 0} jYKu�.~Ku ℵ �jY U−, �=%$M U−,0(x) 5 C1 W�L {x ≥ 0}, �� Ũ−,0(x). JV Cauchy #�






Ũt + A(Ũ) · Ũx = B(Ũ),

Ũ(0, x) = Ũ−,0(x),
(2.10)



No.1 �_xS�_{_�Qz�
�Pm3,5$QA~G 5OLg) Ũ−(t, x) ∈ C1(0 ≤ t < T, x ∈ R). � U−|ℵ− = Ũ−|ℵ− , mq ℵ− � {x < 0} QjYKu� U− ~ U− aQ�sawW�mm&���ba#� (2.8)–(2.9) rbCe U− aÆ�;��-&Q#�














∂tU+ + A(U+) · ∂xU+ = B(U+), in ℵ+ = {x > x(t)},

(U+ − U−) · x′(t) − (F (U+) − F (U−)) = 0, on {x = x(t)},

U+|t=0 = U+,0(x), x > 0.

(2.11)~#� (2.11) �� U+, x(t) k��Æ���b�'m�X#���=���1��+






x̃ = x − x(t),

t̃ = t,rbMaw#� +�YKuQ7��#� (2.12). � ℵ̃+ = {x > 0}, �m��H�%$WOl (t, x) y�n (t̃, x̃), l ℵ+ y�n ℵ̃+.



























∂tU+ + (A(U+) − x′(t)I) · ∂xU+ = B(U+), (t, x) ∈ (t > 0, x > 0),

(U+ − U−) · x′(t) − (F (U+) − F (U−)) = 0, on {x = 0},

x(0) = 0,

U+|t=0 = U+,0(x), x > 0.

(2.12)

2.3 vbwmP���#� (2.12), .y��=7ZGJ�
(1) �S7ZGJ�m (2.12) m��J�K~ {x = t = 0} ;2�OL

x′(t)|t=0[U0(0)] = [F (U0)], (2.13)=� [U0(0)] = U+,0(0) − U−,0(0). �;oawCe σ(U+,0(0) − U−,0(0)) = F (U+,0(0)) −

F (U−,0(0)), �mJ (A1) �Q Rankine-Hugoniot JO�
(2) _S7ZGJ�a (2.12) mQ��J�q t JK�MU�~ {x = t = 0} aM��OL

x′′(0)[U0(0)] + σ[∂tU |t=0] − [A(U)∂tU |t=0] = 0. (2.14)�_m&�m (2.12) m�Qm397�J�%$o
∂tU+(0, 0) = (σI − A(U+,0(0)))dxU+,0(0) + B(U+,0(0)). (2.15)M (2.15) mF\ (2.14) m��o#� (2.12) Q_S7ZGJ

x′′(0)[U0(0)] + (σI − A(U+,0(0)))2dxU+,0(0)

= −(σI − A(U+,0(0))) · B(U+,0(0)) + (σI − A(U−,0(0))) · ∂tU−(0, 0). (2.16)M (2.16) maP+&1�F:Tm9_S7ZGJ��
T+ = (r1(U+,0(0)), r2(U+,0(0)), r3(U+,0(0))), U+,0(x) = T+V+,0(x).
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M ·









x′′(0)

∂xV 2
+,0(0)

∂xV 3
+,0(0)









= k − (σ − λ1(U+,0(0)))
2
· r1(U+,0(0)) · ∂xV 1

+,0(0). (2.17)=�
M = ([U0(0)], (σ − λ2(U+,0(0)))

2
· r2(U+,0(0)), (σ − λ3(U+,0(0)))

2
· r3(U+,0(0))),

k = −(σI − A(U+,0(0))) · B(U+,0(0)) + (σI − A(U−,0(0))) · ∂tU−(0, 0).m"YGJ (A2), rÆ M or3
�o








x′′(0)

∂xV 2
+,0(0)

∂xV 3
+,0(0)









= M−1 · (k − (σ − λ1(U+,0(0)))
2
· r1(U+,0(0)) · ∂xV 1

+,0(0)). (2.18).# (2.18)m�QUf�U_�Smo�J\Q_S7ZGJ�dmU_�Sm�rbO9 x′′(0).� �\)QY~[-�CX 2.1 e7� U±,0(x) ∈ C1(ω±)!+aw7ZGJ (2.13)� (2.18),�A~ T > 0,lO#� (2.12) A~�_V (U+, x(t)), U+ ∈ C1(ℵ+
T ), x(t) ∈ C2[0, T ], =�

ℵ+
T = ℵ+

⋂

{t < T }.� mq 2.2 T�1��- 





x̃ = x − x(t),

t̃ = t
r3�mY~ 2.1 rOv#� (2.8) Q 1 - 5$VQg)A~G�

3 M8B?�y��y)Y~ 2.1. ar5G#� (2.12), %$.���Q�S`}V�O&�lWF�m���Q`}VL��R#��_+�Q.Z�>s℄G~�yOL`}VL�Qp�G�=k�`}VL�Q73fo#� (2.12) QV��^f)Y~ 2.1, _d{)vz�
�Pm3, (1.1) 5$VQg)A~G�
3.1 \QTfS�G�g\��

L(U+, x(t)) = ∂t + (A(U+) − x′(t)I)∂x, (3.1)

G(U+, x′(t)) = x′(t)[U ] − [F (U)]. (3.2)#� (2.12) rbA2


























L(U+, x(t))U+ = B(U+), t, x > 0,

G(U+, x′(t)) = 0, x = 0,

x(0) = 0,

U+(0, x) = U+,0(x).

(3.3)



No.1 �_xS�_{_�Qz�
�Pm3,5$QA~G 7~7ZGJ (2.13) � (2.18) QCe-�%$.��9#� (3.3) Q_�`}V (U0
+, x0(t)),lO U0

+ ∈ C1(ℵ+), x0(t) ∈ C2[0, T ] E t = 0 k�-m2�


























L(U0
+, x0(t))U0

+ = B(U0
+),

dk
t G(U0

+, dtx
0(t)) = 0 (k = 0, 1),

x0(0) = 0,

U0
+(0, x) = U+,0(x).

(3.4)

k ∈ {0, 1}, � mk(x) = ∂k
t U0

+(0, x), (3.3) m�Q7�J{) m0(x) = U+,0(x) ∈ C1(ω+), dm (3.3) m�m3�1�9 m1(x) ∈ C0(ω+).�� (3.3) mQ`}V U0
+, %$o-&Qg~ 3.1. g~ 3.1 Q)|�H*m�T�Q � [18, h� 3.1].�X 3.1 �Y�y m0 ∈ C1(ω), �

m1(x) = −(A(m0(x)) − σI)dxm0(x) + B(m0(x)). (3.5)m (3.3) mOL�A~�y U0
+ ∈ C1(ℵ+), lO

U0
+(0, x) = m0(x), ∂tU

0
+(0, x) = m1(x), (3.6)~ t = 0 ;�o

∂tU
0
+ + (A(U0

+) − σI)∂xU0
+ = B(U0

+). (3.7)� b = x′′(0) om (2.18) m�OLQ�%$��-&Qg~yYe (3.3) m�Q`}V
x0(t) ∈ C2[0, T ].�X 3.2 � U0

+ ∈ C1(ℵ+) o (3.3) m[a�9Q`}V��A~ x0(t) ∈ C2[0, T ],E!+






dk
t G(U0

+, dtx
0(t))|t=0 = 0 (k = 0, 1),

x0(0) = 0, dtx
0(0) = σ, d0

t x
0(0) = b.

(3.8)g~ 3.2 Q)r*H 2 [18, g~ 3.2].*a�%$o`i 3.1 ~7ZGJ (2.13) � (2.18) Ce-�A~ (U0
+, x0(t)) lO U0

+ ∈ C1(ℵ+),

x0(t) ∈ C2[0, T ], E!+ t = 0 k�-m2�


























L(U0
+, x0(t))U0

+ = B(U0
+),

dk
t G(U0

+, dtx
0(t)) = 0 (k = 0, 1),

x0(0) = 0,

U0
+(0, x) = U+,0(x).

3.2 TfSz[�G�m (3.2) m� G(U+, x′(t)) QYe� G ~ U+, x′(t) ;Q Fréchet Ky0lL (V+, ϕ′(t))a&�
G′

(U+,x′(t))(V+, ϕ′(t)) = (x′(t)I − A(U+))V+ + [U ]ϕ′(t). (3.9)
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+, x0(t)) 0��S`}V�a#� (2.12), ��WF�my��`}VL��



























L(Uγ
+, xγ(t))Uγ+1

+ = B(Uγ
+),

G′

(Uγ

+
,dtxγ(t))(U

γ+1
+ , dtx

γ+1(t)) = −G(Uγ
+, dtx

γ(t)) + G′

(Uγ

+
,dtxγ(t))(U

γ
+, dtx

γ(t)),

xγ+1(0) = 0,

U
γ+1
+ (0, x) = U+,0(x).

(3.10);a (2.12) m�Qm3l Picard WF�a��Jl Newton WF�#� (3.10) !+7ZGJ (2.13) � (2.18).�UdWF�3 (3.10), %$s.y��_{5G+#� (3.11), a=�%$o-&*� 3.2 QU���d�9#� (3.10) VQg)A~G�.Z�>�� 3.4 T�)`}VL�Qp�G/"��*� 3.2 Q)q~ 3.3 T��9�n�-w5G#�


























L(U+, x(t))V+ = B(U+) + f,

G′
(U+,x′(t))(V+, ϕ′(t)) = g(t),

ϕ(0) = 0,

V+(0, x) = U+,0(x).

(3.11)=� U+ ∈ C1(ℵ+
T ), x(t) ∈ C2(0, T ), E f ∈ C1(ℵ+

T ), g ∈ C1[0, T ] o�YQ�E!+ (3.11) m�L_SQ7ZGJ�a (3.11)m0�>��m��H�.g_�� ω+
s = ℵ+

⋂

{t = s},l ‖u(t)‖�n u(t, ·)Q L∞(ω+
t ) ky� ‖u(t)‖1 = ‖u(t)‖ + ‖∇u(t)‖ �n u(t, ·) Q W 1,∞(ω+

t ). {}Q�%$l
‖u‖t � ‖u‖1,t u��n u Q L∞(ℵ+

t ) ky� W 1,∞(ℵ+
t ) ky�aqVd φ ∈ L∞[0, T ], ^l

‖φ‖t �n ‖φ‖L∞[0,t] ky� ∀t ∈ (0, T ].`i 3.2 (1) [� f ∈ C0(ℵT ), g ∈ C0[0, T ], E!+ (3.11) mQ�S7ZGJ��#� (3.11) A~�_^V V+ ∈ C0(ℵ+
T ), ϕ ∈ C1[0, T ]. dE�A~/y C > 0, lO

|dtϕ(t)| + ‖V+(t)‖ ≤ CeCMt(‖g‖t + ‖U+,0‖ +

∫ t

0

‖f(s) + B(U+(s))‖ds) (3.12)a ∀t ∈ (0, T ] 2��
(2) [� (f, g) ∈ C1, E!+ (3.11) mQ_S7ZGJ��#� (3.11) A~�_Q^V V+ ∈ C1(ℵ+

T ), ϕ ∈ C2[0, T ], =� M �_�/y�Eo
|d2

t ϕ(t)| + ‖∇(t,x)V+(t)‖

≤ C exp(CMteCMt)(‖dtg‖t + ‖f(0)‖ + ‖B(U+(0))‖ + ‖dxU+,0‖ + M(‖g‖t + ‖U+,0‖)

+

∫ t

0

(‖∂tf(s)‖ + M‖f(s)‖ + ‖B(U+(s))‖)ds). (3.13)

3.3 `i 3.2 ��_~�_T�M�9*� 3.2 Q)�~�9)C.a (3.11) maP+��
T+ = (r1(U+), r2(U+), r3(U+)).



No.1 �_xS�_{_�Qz�
�Pm3,5$QA~G 9d {ri, li}
3
i=1 mCab�9��

V+ = T+Ṽ+, (3.14)d
L̃(U+, x(t)) = ∂t + (Λ(U+) − x′(t)I)∂x, (3.15)=�

Λ(U) = diag[λ1(U), λ2(U), λ3(U)], (3.16)dE (∂T+)(T+)−1 = −T+∂(T+)−1, .# (3.11) mSDq


























L̃(U+, x(t))Ṽ+ = (T+)−1(B(U+) + f) + (L̃(U+, x(t))(T+)−1)T+Ṽ+,

G̃′
(U+,x′(t))(Ṽ+, ϕ′(t)) = g(t),

ϕ(0) = 0,

Ṽ+(0, x) = Ṽ+,0(x) = (T+)−1U+,0(x),

(3.17)=�
G̃′

(U+,x′(t))(Ṽ+, ϕ′(t)) =
3

∑

i=1

(x′(t) − λi(U+))ri(U+)Ṽ+ + (U+ − U−)ϕ′(t). (3.18)\Ud (3.17) m�s.n�aP#�


























L̃(U+, x(t))V+ = B(U+) + f,

G̃′
(U+,x′(t))(V+, ϕ′(t)) = g(t),

ϕ(0) = 0,

V+(0, x) = V+,0(x),

(3.19)=� f ∈ C1(ℵ+
T ), g ∈ C1[0, T ]!+ (3.19) mQ7ZGJ_�L_S�M V+ uV2
)u

V+,I = V+,1, V+,II = (V+,2, V+,3)
T . (3.20)�[� (f, B, V+,0) ^�auV� fI , fII ; BI , BII � V I

+,0, V
II
+,0. dm Lax 2JrÆ�U_{5$!+

λi(U+) − x′(t)

{

< 0, i = 1,

> 0, i = 2, 3.
(3.21){)aq V+,I )udX� (3.19) mo_�7�#��daq V+,II )udX� (3.19) mo_�/!#��aq V+,I )u�ZOL�X 3.3 (1) aq U+ ∈ C1(ℵ+

T ), x(t) ∈ C2[0, T ], fI ∈ C0(ℵ+
T ), V+,0 ∈ C0(ω+), �aq#� (3.19) QU_)udXA~�_^V V+,I ∈ C0(ℵ+

T ), dEaq ∀t ∈ (0, T ], o
‖V+,I(t)‖ ≤ ‖V I

+,0‖ +

∫ t

0

‖fI(s) + BI(U+(s))‖ds. (3.22)

(2) A~/y C, M > 0, o
ω(δ, t; V+,I) ≤ CeCMtω(δ; V I

+,0) + δ‖fI + BI(U+)‖t

+

∫ t

0

CeCM(t−s)ω(δ, s; fI + BI(U+))ds. (3.23)
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ω(δ, t; U) = sup|U(s, x) − U(s′, x′)|. (3.24)aw sup o~ {(s, x) ∈ ℵ+

T , (s′, x′) ∈ ℵ+
T , |(s, x) − (s′, x′)| ≤ δ} aOMQ�� )#GH�=8h�\oM V+,I �Rrb��Y��54uO9�-&M�Vn� V+,II , d��a V+,II �>Q)�rb{}Og~ 3.3.aq (3.19) mQU II )udX�o



























∂tV+,II + ΘII(U+, x(t))∂xV+,II = fII + BII ,

M · (ϕ′(t), V+,2, V+,3)
T = g(t) + (λ1(U+) − x′(t))r1(U+)V+,1,

ϕ(0) = 0,

V+,II(0, x) = V II
+,0(x),

(3.25)=� V+,1 ∈ C0(ℵ+) rbmg~ 3.3 OL�
ΘII(U+, x(t)) = (ΛII(U+) − x′(t)I) = diag[λ2(U+) − x′(t), λ3(U+) − x′(t)]��+yh
� ΛII(U+) = diag[λ2(U+), λ3(U+)]. m (A2) Q"YGJ�h


M = ((U+ − U−), (x′(t) − λ2(U+))r2(U+), (x′(t) − λ3(U+))r3(U+))or3Q�~&i;�GQde-�u(#� (3.25) �Qu� V+,2, 0Oo














∂tV+,2 + (λ2(U+) − x′(t))∂xV+,2 = f2 + B2,

V+,2(t, 0) = a2(t),

V+,2(0, x) = V 2
+,0(x).

(3.26)

a2(t) o (M)−1 · (g(t) + (λ1(U+) − x′(t))r1(U+)V+,1) QUf�u�� (3.26) m�7ZGJ_�L_S℄!+�aq (3.26) m�%$o����5yJVQ��X 3.4 (1) aqVd V 2
+,0 ∈ C0(ω+), f2 ∈ C0(ℵ+

T ), aq (3.26) mdXA~�_Q^V V+,2 ∈ C0(ℵ+
T ), dEa ∀t ∈ (0, T ], o

‖V+,2(t)‖ ≤ ‖a2‖t + ‖V 2
+,0‖ +

∫ t

0

‖f2(s) + B2(U+(s))‖ds. (3.27)

(2)

ω(δ, t; V+,2) ≤ CeCMt(ω(δ, t; a2) + ω(δ, V 2
+,0) + δ‖f2 + B2‖t +

∫ t

0

ω(δ, s; f2 + B2)ds). (3.28)� � s → (s, Υ(s; t, x)) ob�V (t, x) Q (3.26) mQ��L5�.# Υ(s; t, x) ob-#�QV






dsΥ(s; t, x) = λ2(U+(s, Υ(s; t, x))) − x′(s),

Υ(t; t, x) = x.
(3.29)� s1(t, x) lO-m2�

Υ(s1(t, x); t, x) = 0, (3.30)
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T = {(s, t, x)|max(0, s1(t, x)) ≤ s ≤ x, (t, x) ∈ ℵ+

T }.m/�um3Q~��o Υ(s; t, x) ∈ C1(ℵ̃+
T ). aq (t, x) ∈ ℵ+

T , o
�Gv�Gv 1 s1(t, x) < 0. ~��Gv-� (3.26) m�q V+,2 o Cauchy #��o0mV
V+,2(t, x) = V 2

+,0(Υ(0; t, x)) +

∫ t

0

f2(s, Υ(s; t, x))ds + B2(U+(s, Υ(s; t, x)))ds. (3.31)Gv 2 s1(t, x) ≥ 0. (3.26) mQV�
V+,2(t, x) = a2(s1(t, x)) +

∫ t

s1(t,x)

f2(s, Υ(s; t, x))ds + B2(U+(s, Υ(s; t, x)))ds. (3.32)m (3.31) � (3.32) m�rb�9 (3.27) m�-&) (3.28) m�aq ∀δ > 0, t ∈ (0, T ] b9 (ti, xi) ∈ ℵ+
t (i = 1, 2) E |(t1, x1) −

(t2, x2)| < δ, %$Ma V+,2(t1, x1) − V+,2(t2, x2) Q�>u2_{���Gv (α) s1(ti, xi) < 0 (i = 1, 2). m (3.26) m V+,2(ti, xi) Q Cauchy #��O
|V+,2(t1, x1) − V+,2(t2, x2)|

≤ CeCMtω(δ, V 2
+,0) + δ‖f2 + B2‖t +

∫ t

0

CeCM(t−s)ω(δ, s; f2 + B2(U+))ds. (3.33)Gv (β) s1(ti, xi) ≥ 0 (i = 1, 2). m (3.32) mo
V+,2(t1, x1) − V+,2(t2, x2)

= a2(s1(t1, x1)) − a2(s1(t2, x2))

+

∫ t1

s1(t1,x1)

(f2(s, Υ(s; t1, x1))ds + B2(U+(s, Υ(s; t1, x1)))ds)

−

∫ t2

s1(t2,x2)

(f2(s, Υ(s; t2, x2))ds + B2(U+(s, Υ(s; t2, x2)))ds). (3.34)dm (3.30) m� s1(t, x) QYerÆ 0 = dsΥ(s1(t, x); t, x) · ∂s1(t, x) + ∂Υ(s1(t, x); t, x). �b
∂s1(t, x) = −(dsΥ(s1(t, x); t, x))−1 · (∂Υ)(s1(t, x); t, x)

= (x′(t) − λ2(U+))−1 · (∂Υ)(s1(t, x); t, x). (3.35)=� ∂ = ∂t 1 ∂ = ∂x, d
|∂(t,x)Υ(s; t, x)| ≤ CeCM(t−s). (3.36)

(3.36) mQ�K[-






∂sΥ(s; t, x) = λ(U(s, Υ(s; t, x))),

Υ(t; t, x) = x,m=�rbOL Υ(s; t, x) = x +
∫ t

s
λ(U(τ, Υ(τ ; t, x)))dτ.

1) ∂xΥ(s; t, x) = 1 +
∫ t

s
∇uλ · Ux · ∂xΥ(τ ; t, x)dτ .

|∂xΥ(s; t, x)| ≤ 1 + C1M

∫ t

s

|∂xΥ(τ ; t, x)|dτ.
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∫

t

s
dτ = eC1M(t−s).

2) ∂tΥ(s; t, x) = 1 +
∫ t

s
∇uλ · Ut · ∂tΥ(τ ; t, x)dτ + λ(U(τ, Υ(τ ; t, x))).

|∂tΥ(s; t, x)| ≤ C2 + C1M

∫ t

s

|∂tΥ(τ ; t, x)|dτ.}�l Gronwall &SmOL |∂tΥ(s; t, x)| ≤ C2e
C1M

∫

t

s
dτ = C2e

C1M(t−s).M C = max{C1, C2}, OL (3.36) m�M (3.36) mQ�>F\ (3.35) m�O�J s1(t, x) ≥ 0 k�o
|∂(t,x)s1(t, x)| ≤ CeCMt. (3.37)�b}n� (3.34) m�fo

|V+,2(t1, x1) − V+,2(t2, x2)|

≤ CeCMt(ω(δ, t; a2) + δ‖f2 + B2‖t +

∫ t

0

ω(δ, s; f2 + B2)ds). (3.38)Gv (γ) s1(t1, x1) ≥ 0 d s1(t2, x2) < 0, i�yQGv^_[���m (3.31) � (3.32)m�o
V+,2(t1, x1) − V+,2(t2, x2)

= a2(s1(t1, x1)) − V 2
+,0(t2, x2)

+

∫ t1

s1(t1,x1)

(f2(s, Υ(s; t1, x1))ds + B2(U+(s, Υ(s; t1, x1)))ds)

−

∫ t2

0

(f2(s, Υ(s; t2, x2))ds + B2(U+(s, Υ(s; t2, x2)))ds). (3.39)#)0�J (ti, xi) ∈ ℵ+
t : |(t1, x1) − (t2, x2)| < δ, �l (3.36) � (3.37) m�o
0 ≤ s1(t1, x1) ≤ s1(t1, x1) − s1(t2, x2) ≤ CeCMtδ, (3.40)

0 ≤ Υ(0; t2, x2) ≤ Υ(0; t2, x2) − Υ(0; t1, x1) ≤ CeCMtδ. (3.41)}a (3.39) mll���>�o
|V+,2(t1, x1) − V+,2(t2, x2)|

≤ CeCMt(ω(δ, t; a2) + ω(δ, V 2
+,0) + δ‖f2 + B2‖t +

∫ t

0

ω(δ, s; f2 + B2)ds). (3.42)Maw_�Gv_�/�O (3.28) m�mg~ 3.3 �g~ 3.4, rb�9-&Qg~ 3.5.�X 3.5 (1) ∀f ∈ C0(ℵ+
T ), V+,0 ∈ C0(ω+), !+ (3.19) mQ�S7ZGJ�.#

(3.19)mA~�_Q^V V+ ∈ C0(ℵ+
T ), ϕ ∈ C1[0, T ],dEA~/� C > 0,lOa ∀t ∈ (0, T ],o

|dtϕ(t)| + ‖V+(t)‖ ≤ C(‖g‖t + ‖V+,0‖ +

∫ t

0

‖f(s) + B(U+(s))‖ds). (3.43)
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(2)

ω(δ, t; dtϕ(t)) + ω(δ, t; V+)

≤ CeCMt(ω(δ, t; g) + ω(δ, V+,0) + δ‖f + B‖t +

∫ t

0

ω(δ, s; f + B)ds). (3.44)aqg~ 3.5 ,rb/__(QUd�&B)T�9g~ 3.6 ()*m 2 [3]).�X 3.6 J�g~ 3.5 7��[� g ∈ C1[0, T ], f ∈ C0(ℵ+
T ) oEm

fi = ρi(∂tσi + (λi(U+) − x′(t))∂xσi), (3.45)J (ρi, σi) ∈ C1, i ∈ {1, 2, 3}, �#� (3.19) QV V+ ∈ C1(ℵ+
T ), ϕ ∈ C2[0, T ].og~ 3.6, rb�9*� 3.2 Q)�`i 3.2 ��_ (1) ~Ud (3.11) m�C�.n�aP#� (3.17), rbmWF�m



























L̃(U+, x(t))Ṽ γ+1
+ = (T+)−1(B(U+) + f) + (L̃(U+, x(t))(T+)−1)T+Ṽ

γ
+ ,

G̃′
(U+,x′(t))(Ṽ

γ+1
+ , ϕ′(t)γ+1) = g(t),

ϕ(0)γ+1 = 0,

Ṽ
γ+1
+ (0, x) = Ṽ+,0(x).

(3.46)U_�`}VQ��{}q*� 3.1, Ṽ 0
+ ∈ C1(ℵ+

T ), ϕ0 ∈ C2[0, T ]. ~*� 3.2(1) QCe-�M�> (3.43) il~ (3.46) ma��A~/� C > 0, lOa ∀γ ≥ 0, t ∈ (0, T ], o
|dtϕ

γ+1(t)| + ‖Ṽ γ+1
+ (t)‖

≤ C(‖g‖t + ‖Ṽ+,0‖ +

∫ t

0

(‖f(s) + B(U+(s))‖ + M‖Ṽ γ
+ (s)‖)ds). (3.47)m�/h�rÆ Ṽ

γ
+ ∈ C0(ℵ+

T ), ϕγ ∈ C1[0, T ]. m Gronwall &Sm�O
|dtϕ

γ(t)| + ‖Ṽ γ
+ (t)‖ ≤ CeCMt(‖g‖t + ‖Ṽ+,0‖ +

∫ t

0

‖f(s) + B(U+(s))‖ds). (3.48)���M (3.43) mlL#� (Ṽ γ+1
+ − Ṽ

γ
+ , ϕγ+1 − ϕγ)















L̃(U+, x(t))(Ṽ γ+1
+ − Ṽ

γ
+ ) = (L̃(U+, x(t))(T+)−1)T+(Ṽ γ

+ − Ṽ
γ−1
+ ),

G̃′
(U+,x′(t))(Ṽ

γ+1
+ − Ṽ

γ
+ , ϕ′(t)γ+1 − ϕ′(t)γ) = 0,

ϕγ+1 − ϕγ |t=0 = Ṽ
γ+1
+ − Ṽ

γ
+ |

t=0
= 0,

(3.49)o
|dt(ϕ

γ+1 − ϕγ)(t)| + ‖(Ṽ γ+1
+ − Ṽ

γ
+ )(t)‖ ≤ CM

∫ t

0

‖Ṽ γ
+ − Ṽ

γ−1
+ (s)‖ds.��a γ Q�/�O

|dt(ϕ
γ+1 − ϕγ)(t)| + ‖(Ṽ γ+1

+ − Ṽ
γ
+ )(t)‖ ≤

(CMt)γ

γ!
‖Ṽ 0

+‖T . (3.50)



14 y P ' ~ P Æ Vol.31Af� (3.43) m0l~ (3.17) mE (f, g, U+,0) = 0, �b (3.17) mQ^V (Ṽ+, dtϕ) ~ L∞ �_�}m (3.48) � (3.58)m�%$rbOL Ṽ
γ
+ ~� C0(ℵ+

T ) p��ϕγ ~ C1[0, T ]�p��73 Ṽ+ ∈ C0(ℵ+
T ), ϕ ∈ C1[0, T ] o (3.17) mQ�_^VE!+

|dtϕ(t)| + ‖Ṽ+(t)‖ ≤ CeCMt(‖g‖t + ‖Ṽ+,0‖ +

∫ t

0

‖f(s) + B(U+(s))‖ds),a ∀t ∈ (0, T ].

(2) f� (3.46) mQp_:o (3.45) mQEm��ba (3.46) m�lg~ 3.6 rÆ
Ṽ

γ
+ ∈ C1(ℵ+

T ), ϕγ ∈ C2[0, T ]. }a ∇Ṽ
γ
+ � d2

t ϕ
γ �l*n 2 [5] �{}qg~ 3.5(2) Qg~�rÆ {∇Ṽ

γ
+ , d2

t ϕ
γ}γ∈N S^�N�qoO~ C1(ℵ+

T ) � Ṽ
γ
+ → Ṽ+, ~ C2[0, T ]� ϕγ → ϕ.�baq#� (3.11) dX�#� (3.11) QV V+ ∈ C1(ℵ+

T ), ϕ ∈ C2[0, T ]. -&�> ∇V+ �
d2

t ϕ. � J+ = ∂tV+, φ = dtϕ, a (3.11) m�q t JK�O (J+, φ) !+














L(U+, x(t))J+ = Q,

G′
(U+,x′(t))(J+, φ′) = κ(t),

J+(0, x) = J+,0(x).

(3.51)=�
Q = (∂tf + ∇B(U+) · ∂tU+) −∇A(U+)(∂tU+, D · (f + B(U+) − J+))

+x′′(t)D · (f + B(U+) − J+), (3.52)

D = (A(U+) − x′(t)I)−1,

κ(t) = dtg(t) − x′′(t)I · V+ + ∇A(U+)(∂tU+, V+) − [∂tU ]φ, (3.53)

J+,0(x) = f(0, x) + B(U+(0, x)) − (A(U+) − x′(t)I)|t=0 · dxU+,0(x). (3.54)M (3.12) milL#� (3.51) ��OL
|dtφ(t)| + ‖J+(t)‖ ≤ CeCMt(‖κ‖t + ‖J+,0‖ +

∫ t

0

‖Q(s)‖ds). (3.55)m (3.52) m�%$o
‖Q(s)‖ ≤ C(‖∂tf(s)‖ + M‖f(s)‖ + M‖B(s)‖ + M‖J+‖). (3.56)m (3.53) m�o

‖κ(t)‖t ≤ ‖dtg‖t + M(‖φ‖t + C‖V+‖t). (3.57))0�}m (3.12) m�o
‖κ(t)‖t ≤ ‖dtg‖t + CMeCMt(‖g‖t + ‖U+,0‖ +

∫ t

0

‖f(s) + B(U+(s))‖ds). (3.58)M (3.56) � (3.58) mF\ (3.55) m��m Gronwall &Sm�o
|dtφ(t)| + ‖J+(t)‖

≤ C exp(CMteCMt)(‖dtg‖t + ‖f(0, x)‖ + ‖B(U+(0, x))‖ + ‖dxU+,0‖

+M(‖g‖t + ‖U+,0‖) +

∫ t

0

(‖∂tf(s)‖ + M‖f(s)‖ + ‖B(U+(s))‖)ds). (3.59)



No.1 �_xS�_{_�Qz�
�Pm3,5$QA~G 15�� (3.13) m�rb#ZOL ∂xV+ Q�>��[ (3.11) m^OL)�
3.4 TfSz[�eZwm 3.2�ab��9WFL���9WF�m (3.10) VQg)A~G�.Z�>�~�_T�mg~ 3.7 OY~ 2.1.�X 3.7 Ce#� (3.3)o |dtx−dtx

0|+‖U+−U0
+‖ ≤ η < 1,lOaqWF�m (3.10),A~ |dtx

γ −dtx
0|+‖Uγ

+−U0
+‖ ≤ η, |d2

t (x
γ −x0)|+‖∇(t,x)(U

γ
+−U0

+)(t)‖ ≤ δ,E δ +η = ǫ < 1.A~ T s η o��s U+ &��lO 0 ≤ t ≤ T , J γ → ∞ k�~ C1(ℵ+
T ) a� U

γ
+ → U+;~ C2[0, T ] a� xγ(t) → x(t).� .) U

γ
+ ∈ C1(ℵ+

T ), xγ ∈ C2(0, T ],}m U
γ
+ ~ C0(ℵ+

T )ap�L U+, xγ ~ C1[0, T ]ap�L x(t), �dO~ C1(ℵ+
T ) a� U

γ
+ → U+; ~ C2[0, T ] a xγ(t) → x(t), #� (3.3) QV

U+ ∈ C1(ℵ+
T ), x(t) ∈ C2[0, T ]. �

V+ = U+ − U0
+, y = x − x0, V

γ
+ = U

γ
+ − U0

+, yγ(t) = xγ(t) − x0(t), (3.60)�#� (3.3) sWF�m (3.10) u�r�A�


























∂tV+ + ∂tU
0
+ + (A(V+ + U0

+) − (y′(t) + dtx
0)I)∂x(U0

+ + V+) = B(U0
+ + V+),

G(V+, y′(t)) = 0, y = 0,

y(0) = 0,

V+(0, y) = 0

(3.61)s


























∂tV
γ+1
+ + (A(V+ + U0

+) − (y′(t) + dtx
0)I)∂xV

γ+1
+ = H(V γ

+ ),

G′

(V γ

+
,dtyγ)(V

γ+1
+ , dty

γ+1) = gγ ,

yγ+1(0) = 0,

V
γ+1
+ (0, y) = 0.

(3.62)=�
H(V γ

+ ) = B(U0
+ + V

γ
+ ) − ∂tU

0
+ − (A(V γ

+ + U0
+) − (dty

γ(t) + dtx
0)I) · ∂xU0

+,

gγ = −G(V γ
+ , dty

γ) + G′

(V γ

+
,dtyγ)(V

γ
+ , dty

γ).a#� (3.62) �l (3.12) m�OL
|dty

γ+1(t)| + ‖V γ+1
+ (t)‖ ≤ CeCMt

( ∫ t

0

‖H(V γ
+ )(s)‖ds + ‖gγ‖t

)

≤ CeCMt

( ∫ t

0

(C1 + C2(‖U
γ
+(s)‖)‖V γ

+ (s)‖)ds + ‖gγ‖t

)

. (3.63).e |dty
γ(t)| + ‖V γ

+ (t)‖ ≤ η < 1, -&%$\{) |dty
γ+1(t)| + ‖V

γ(t)+1
+ ‖ ≤ η. 0O gγ !+

‖gγ‖ ≤ Cη2, �b (3.63) m�� |dty
γ+1(t)|+ ‖V γ+1

+ (t)‖ ≤ CeCMt(C1t + C2(η)ηt + Cη2). ~ T#>k�rbm9 |dty
γ+1(t)| + ‖V γ+1

+ (t)‖ ≤ η. �l (3.13) m�o
|d2

t y
γ+1| + ‖∇(t,x)V

γ+1
+ (t)‖ ≤ C exp(CMteCMt)(‖dtg

γ‖t + ‖H(V γ
+ (0, x))‖ + M‖g‖t

+

∫ t

0

(‖∂tH(V γ
+ )(s)‖ + M‖H(V γ)(s)‖)ds)

≤ C exp(CMteCMt)(M‖gγ‖1,t + M

∫ t

0

‖H(V γ)(s)‖1ds).
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t y

γ | + ‖∇(t,x)V
γ
+ (t)‖ ≤ δ, lO δ + η = ǫ < 1. �a&Q

|d2
t y

γ+1| + ‖∇(t,x)V
γ+1
+ (t)‖ ≤ C exp(CMteCMt(MC(ǫ)ǫ2 + M(C1t + C2(ǫ)ǫt))).

T #>k�rbm9 |d2
t y

γ+1| + ‖∇(t,x)V
γ+1
+ (t)‖ ≤ δ. �bJ K, T #>k�o

‖Uγ
+‖1,ℵ

+

T
+ ‖dtx(t)‖1,[0,T ] ≤ K. (3.64)1~o U

γ
+ ∈ C1(ℵ+

T ), xγ(t) ∈ C2(0, T ], m (3.10) m�ÆN (Uγ+1
+ − U

γ
+, xγ+1(t) − xγ(t)) !+



























L(Uγ
+, xγ(t))(Uγ+1

+ − U
γ
+) = Mγ ,

G′

(Uγ

+
,dtxγ(t))

(Uγ+1
+ − U

γ
+, dtx

γ+1(t) − dtx
γ(t)) = κγ ,

(Uγ+1
+ − U

γ
+)(0, x) = 0,

(xγ+1(0) − xγ(0)) = 0.

(3.65)=�
Mγ = L(Uγ−1

+ , xγ−1(t))Uγ
+ − L(Uγ

+, xγ(t))Uγ
+ + B(Uγ

+) − B(Uγ−1
+ ),

κγ = G′

(Uγ−1

+
,dtxγ−1)

(Uγ
+, dtx

γ)−G′

(Uγ−1

+
,dtxγ−1)

(Uγ−1
+ , dtx

γ−1)−G(Uγ
+, dtx

γ)+G(Uγ−1
+ , dtx

γ−1).� aγ(t) = ‖Uγ+1
+ − U

γ
+‖t + ‖dt(x

γ+1(t) − xγ(t))‖t < 1, �
‖Mγ(s)‖ ≤ Caγ−1(s). (3.66)M κγ �Q G(Uγ

+, dtx
γ) ~ G(Uγ−1

+ , dtx
γ−1) ;�z�l�O

‖κγ‖ ≤ C(aγ−1(t))2. (3.67)��J\lL U
γ
+ ∈ C1(ℵ+

T ), xγ(t) ∈ C2[0, T ]. O&a#� (3.65) ll�> (3.12), o
aγ(t) ≤ C((aγ−1(t))2 +

∫ t

0

aγ−1(s)ds). (3.68)l T +
>�fo U
γ
+ ~ C0(ℵ+

T ) ap�L U+, xγ(t) ~ C1(0, T ] ap�L x(t). U+ ∈

C0(ℵ+
T ), x(t) ∈ C1[0, T ]. dm (3.64) m� U

γ
+ ∈ C1(ℵ+

T ), xγ(t) ∈ C2(0, T ], �dJ γ → ∞k�~ C1(ℵ+
T ) a� U

γ
+ → U+; ~ C2(0, T ] a� xγ(t) → x(t). {)#� (3.3) QV U+ ∈

C1(ℵ+
T ), x(t) ∈ C2[0, T ], g~ 3.7 O�m=Y~ 2.1 O� 9 U p t
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Existence of a Shock Wave in a One-dimensional Radiation

Hydrodynamic System

Zhu Yifeng Jiang Peng
(Department of Mathematics, Shanghai Jiaotong University, Shanghai 200240)

Abstract: In this paper, the authors mainly study shock waves in a one-dimensional radiation

hydrodynamic system. By using the Rankine-Hugoniot condition and entropy condition, this

problem can be formulated as an initial boundary value problem with a free boundary for

radiation hydrodynamic system. First, the authors transform this free boundary to the fixed

one by using change of variables involving unknowns. Then they investigate the existence and

uniqueness of the solution to the initial boundary value problem for this nonlinear system. For

this problem, the authors first construct an approximate solution by using the compatibility

conditions of the data. Then they use the Picard iteration and the Newton iteration for this

nonlinear system respectively to construct a sequence of approximate solutions. By using a

series of estimates and a compactness argument, the convergence of the sequence of approximate

solutions is obtained. The limit of this sequence gives a shock wave of the original radiation

hydrodynamic system.

Key words: One-dimensional radiation hydrodynamic systems; Shock waves; Existence.
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